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We examine the influence of Ni impurity in cuprates on the distribution of hole carriers by performing
numerically exact diagonalization calculations for a model consisting of Cu 3d, Ni 3d, and O 2p orbitals.
Using realistic parameters for the system, we find that a hole is predominantly bound to O 2p orbitals around
the Ni impurity forming the Zhang-Rice doublet. This imposes strong restrictions on modeling Ni-substituted
cuprates. We propose a resonant inelastic x-ray scattering experiment for Ni K edge to confirm hole binding
around the Ni impurity.
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I. INTRODUCTION

Atomic substitutions for copper in high-temperature cu-
prate superconductors induce significant impacts on macro-
scopic and local physical properties of the cuprates.1 Diva-
lent transition-metal ions such as zinc and nickel have been
frequently substituted for Cu. It is well known that nonmag-
netic Zn impurities suppress the superconducting transition
temperature more strongly than magnetic Ni impurities. Con-
cerning magnetic properties, neutron-scattering experiments
have shown that Zn impurities enhance the antiferromagnetic
�AF� correlation length only slightly whereas Ni impurities
suppress incommensurate peaks strongly and stabilize the
Neel ordering.2 Such contrasting behaviors have been dis-
cussed in connection with the difference of spin state of Zn2+

with spin S=0 and Ni2+ with S=1.1 For Ni substitution, how-
ever, it has been argued from several experiments3–7 that a Ni
impurity attracts a hole, giving Ni3+ with S= 1

2 . More re-
cently, it has been suggested from x-ray-absorption-fine-
structure �XAFS� measurements that the Ni impurity forms
Ni2+ L� state with S= 1

2 �L� represents a ligand hole�, i.e.,
Zhang-Rice �ZR� doublet state, binding a hole on neighbor-
ing oxygen orbitals.8 The formation of the doublet may ex-
plain several experimental facts for Ni-substituted cuprates
as discussed in Ref. 8: small moment of Ni impurity,9,10

weak suppression of coherence peaks,11 reduction in
magnetic-resonance energy,12 enhancement of pseudogap
energy,13 and so on. In spite of accumulating experimental
evidences of hole binding around Ni impurity, there is no
theoretical support clarifying the formation of the ZR dou-
blet as far as we know.

In this work, we show that the ZR doublet is certainly
formed at Ni site embedded in the CuO2 plane, based on

exact diagonalization calculations for small clusters with re-
alistic parameter values. This theoretical result together with
experimental ones mentioned above puts restrictions on the-
oretical models of Ni-substituted cuprates. We propose a site-
selective experimental technique to confirm the presence of
the ZR doublet, which is resonant inelastic x-ray scattering
�RIXS� experiment for Ni K edge. We predict low-energy
structures inside the Mott gap, which can be direct evidence
of hole binding around Ni impurity.

The paper is organized as follows. Section II introduces
the model for cuprates in which Ni ions are substituted for
Cu ones. Section III shows the results of the Lanczos calcu-
lations for the ground states of the model and in Sec. IV, we
propose that the direct evidence of hole binding around Ni
appears in the RIXS spectra.

II. MODEL

For Cu and O ions, we consider Cu 3dx2−y2 and O 2p�

orbitals. An additional orbital 3d3z2−r2 is included on Ni ion
substituted for Cu. Apical oxygen 2pz orbitals below/above
the Ni ion are also taken into account. By including hoppings
between 3d and 2p orbitals and the Coulomb interactions
among 3d orbitals, the Hamiltonian in the hole representa-
tion is given by Hdp=HT+Hd with

HT = Tpd�
i�

di�
† �pi− x

2
� − pi+ x

2
� − pi− y

2
� + pi+ y

2
��

− Tpd� �
i0�

di0��† �pi0− x
2

� − pi0+ x
2

� + pi0− y
2

� − pi0+ y
2

��

+ �Tpd� �
i0�

di0��† �pi0−z� − pi0+z�� + H.c.
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where the summation of i runs over all of Cu and Ni sites, i0
denotes Ni sites, x�y� is the vector connecting neighboring
Cu ions along the x�y� direction, i0�z represents apical oxy-
gen sites above/below Ni sites, and � runs over x, y, and 2z.
The operator di� �di0�� � is the annihilation operator for a
3dx2−y2 �3d3z2−r2� hole with spin � at site i�i0�, pi� �

2
� is the

annihilation operator for a 2p hole at site i�
�
2 with spin �.

ni0�
� =�i0�

† �i0� and n
i+ �

2
�

p
= p

i+ �
2

�

†
pi+ �

2
�. Tpd, Tpd� , and Tpd� are

the hopping integrals between 3dx2−y2 and 2p�, between
3d3z2−r2 and 2p�, and between 3d3z2−r2 and 2pz, respectively,
with Tpd=�3Tpd� =

�3
2 Tpd� . The tetragonality of NiO6 octahe-

dron is represented by introducing �, where �=0 and 1 cor-
respond to the case of infinite distance of apex O-Ni bond
and the case of equal distance between apex O-Ni and in-
plane O-Ni bonds, respectively. The parameters �d��p� and
Ud are the energy level of Cu 3dx2−y2 �O 2p� and the Cou-
lomb repulsion of Cu 3dx2−y2 orbital, respectively. �Ni, UNi,
UNi� , and KNi are the energy levels of Ni 3d orbitals, intraor-
bital and interorbital Coulomb repulsions, and the exchange
interaction, respectively, with UNi=UNi� +2KNi. Hereafter we
set �d=0.

Following a procedure by Zhang and Rice,14 let us intro-
duce three kinds of O 2p Wannier orbitals, i.e., symmetric,
antisymmetric, and nonbonding ones which are classified as
hybridizing with only the Cu 3dx2−y2 orbital ��i�

s �, with both
3dx2−y2 and 3d3z2−r2 orbitals ��i�

a �, and with neither ��i�
n �,

defined by

�i�
s = − iN−1/2�

k
eik·i�sk�Sxpxk� − Sypyk�� , �3�

�i�
a = iN−1/2�

k
eik·i�ak��2SxSy�Sypxk� + Sxpyk��

− i��Sx
2 + Sy

2�pzk�� , �4�

�i�
n = N−1/2�

k
eik·i�nk���Sypxk� + Sxpyk�� + �2iSxSypzk�� ,

�5�

where N is the system size, Sx�y�=sin
kx�y�

2 , �sk= �Sx
2+Sy

2�−1/2,
�nk= �2Sx

2Sy
2+�2�sk

−2�−1/2, �ak=�sk�nk, and the operators
pxk�, pyk�, and pzk� are the Fourier transformations of pi+ x

2
�,

pi+ y
2

�, and 1
�2

�pi+z�− pi−z��, respectively. Using these Wannier

orbitals, the hopping terms of the Hamiltonian �1� reads

HT = 2Tpd�
ij�

	ijdi�
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where 	ij=
1
N�k�sk

−1eik·�i−j�, 	ij�
s= 1

N�k�sk�Sx
2−Sy

2�eik·�i−j�, and
	ij�

a= 1
N�k�sk

2 �ak
−1eik·�i−j�. Their value is the largest if i− j is

small, for example, 	i=j=0.958, 	i=j�s =0, 	i=j+x�s =−0.258, and
	i=j�a =0.915. Note that we can neglect the nonbonding orbital
since it is decoupled from other orbitals. Moreover, in the
case of a single Ni impurity in the system, i.e., a N-site
system in which one of the N sites is replaced by a Ni im-
purity, it is convenient to introduce a new antisymmetric op-

erator given by �̃�
a = �̃−1�j	i0j�a�j�

a with �̃2=�j�	i0j�a�2 since �j�
a

only couples to the impurity. Then, the number of the orbitals
in the system becomes 2N+2, where the 3dx2−y2 and �s or-
bitals on each site and two additional orbitals of 3d3z2−r2 and
�a on the Ni impurity site are taken into account.

We use the Lanczos-type exact diagonalization technique
on N=2�2 and �8��8-unit-cell clusters with a single Ni
impurity under periodic boundary conditions, as well as a
two-site �N=2� cluster under open boundary conditions. We
will show the results for the N=�8��8 cluster in the
following.15

The parameter values have been estimated to be Tpd
�0.95–1.3 eV, Ud�8–10.5 eV, and �p�2–3.5 eV.16 In
the present study, we take Tpd=1 eV, Ud=UNi=8 eV, KNi
=0.8 eV, and �p=3 eV. �Ni is an unknown parameter and �
is taken to be 1 /�2 for simplicity.

Insulating cuprates are known to be charge-transfer �CT�
type, where the CT energy � between Cu and O is smaller
than Ud.17 Nickel oxides also belong to the CT type but the
charge-transfer energy �Ni is larger than �.18 � is given by
�=E�d10L� �−E�d9�=�p, where E is the energy of a Cu-O unit
for a given configuration without hopping terms. Similarly
�Ni=E�d9L� �−E�d8�=�−�Ni−UNi+3KNi. We assume that
�Ni for the Ni impurity is similar to the bulk systems since
the CT energy is predominantly determined by the energy
level of 3d orbitals when ligand and environment are the
same.18 Therefore, we take �Ni� in the present study of Ni
impurity, leading to �Ni�−5.6 eV.

III. HOLE BINDING AROUND Ni

Figure 1�a� shows hole number 	n
 on each orbital of the

cluster as a function of the difference of the CT energies �̃
��Ni−� in the undoped case �nine holes in the eight-unit-
cell system�. The ground state has the A1 irreducible repre-

sentation of C4v point group within the parameter region of �̃
shown in Fig. 1. As shown in Fig. 1�a�, the hole densities on
Ni 3d ��s� orbitals are increasing �decreasing� with increas-

ing the value of �̃. This is because the on-site energy �Ni of

the Ni 3d orbitals is decreasing with increasing �̃. Figure
1�a� also shows that the value of the Ni d ��s� orbital is
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larger �smaller� than that of the d� ��̃a� with each parameter

value of �̃. This is because the strength of hybridization
between Ni d� and 2p orbitals is smaller than that between
Ni d and 2p ones, with using parameter ��1. The total
number of holes at the Ni site �the sum of Ni d, Ni d�, Ni �s,

and �̃a� is almost 2 �1.99 at �̃=0.4 eV and 2.04 at �̃
=3.9 eV�, which means that nominally Ni2+ is formed. The
local spin state is of high spin �S=1�. Remaining holes are
distributed on Cu d and Cu �s orbitals, forming Cu2+ on each
Cu site. Note that 	n
 on the Cu orbitals at the second and
third nearest-neighbor �nn� sites from Ni is nearly the same
as those of the nn sites.

Next we examine how a hole introduced into the system is

distributed among the orbitals. In the range of �̃ shown in

Fig. 1, we find that with increasing �̃ the ground state with
one additional hole �ten holes in total� changes quantum

number at �̃�1.2 eV from the total spin S=1 and A2 irre-
ducible representation �degenerated with B1� to S=0 and B1.
The difference of hole number, �	n
, on each orbital between
the one-hole-doped and undoped ground states is plotted in

Fig. 1�b�. We find that for �̃�1.2 a hole introduced in the
system occupies predominantly on Ni �s orbital, i.e., an oxy-
gen Wannier orbital that mainly couples to Ni 3dx2−y2. In to-
tal, more than 60% of the hole enters into Ni-related orbitals.
This is consistent with experimental suggestions3–8 that a Ni
impurity may bind a hole and form the ZR doublet. Note that
negative �	n
 for Ni d� is the consequence of strong energy
gain by accommodating holes into the orbitals with x2−y2

symmetry. Below �̃�1.2, the doped hole is distributed
mainly on oxygen orbitals away from the Ni impurity. Since
an effective CT energy for Ni oxides has been reported to be

�5 eV,18 it is reasonable to consider that �̃1.2 eV.

Therefore, the present result strongly supports the binding of
a hole around a Ni impurity in real Ni-substituted cuprates.

In order to confirm the stability of the ZR doublet, we
compared binding energy of the ZR doublet on a NiO6 clus-
ter with that of the ZR singlet on a Cu O4 cluster. We found
that the ZR doublet is more stable than the ZR singlet when
�Ni is larger than � by 0.3 eV. This is qualitatively consistent
with the data shown in Fig. 1�b�, implying that the stability
of the ZR doublet is governed by local character around Ni.
This result also excludes the possibility that the formation of
the bound state around the Ni impurity is an artifact of peri-
odic boundary conditions imposed on the N-site clusters due
to interference effects between periodic Ni impurities. In the
limit of �Ud ,UNi,� ,�Ni��Tpd that is approximately satisfied
in the present parameter set, the binding-energy difference of
the doublet and the singlet, �EB, may be given by19

�EB = 2Tpd
2  4

Ud − �
+

2

�
−

3

UNi + KNi − �Ni
−

1

�Ni
� . �7�

We notice that dominant negative contribution to �EB comes
from the third term in Eq. �7�. This implies the importance of
the condition that UNi ��8 eV� is not much larger than �Ni
��5 eV�.

When a hole is bound to a Ni impurity, localized Cu spins
are expected to be unaffected and thus AF correlation may
remain. Defining Si=

1
2�	,	��di,	

† �		�di,	�+�i,	
s†�		��i,	�

s � with
� the Pauli matrix, we show in Fig. 2 the equal-time spin-
spin correlation function 	Si ·Sj
 between two Cu sites in

undoped and one-hole-doped cases with �̃=1.4 and 0.9 eV.

Here, �̃ is chosen near the boundary of two regions shown in
Fig. 1�b�. In the undoped case, the correlation on the same
�different� sublattice is positive �negative�, implying the

presence of AF order. For �̃=1.4 eV, 	Si ·Sj
 in the one-
hole-doped case is very similar to the undoped case. This is
a natural consequence of hole binding around Ni impurity.
On the other hand, the correlation is dramatically changed

from the undoped case when �̃=0.9 eV. This is due to the
destruction of AF order caused by carrier motion.

We have neglected direct O-O hoppings in Eq. �1�. The
hoppings may cause the decrease in �, leading to less stabil-
ity of the ZR doublet as seen from Eq. �7�. However, we
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FIG. 1. �a� Averaged hole number 	n
 on each orbital in undoped
ground state of an eight-unit-cell cluster as a function of the CT

energy difference �̃��Ni−�. Filled upward and downward tri-
angles represent Ni 3dx2−y2 �denoted as d� and 3d3z2−r2�d��, respec-
tively. �s and �̃a on Ni site are shown by open triangles. Filled
�open� circles denote Cu d �Cu �s� orbitals at the nn sites from Ni.
�b� The difference of 	n
 between one-hole-doped and undoped
ground states. Open squares and diamonds denote �s orbitals at the
second and third nn sites, respectively. Other symbols are the same
as �a�. The vertical broken line represents the position where the
ground-state symmetry changes.
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FIG. 2. �a� Diagram for an eight-unit-cell cluster �the inside of
dotted lines� where the filled and open circles denote Ni and Cu
sites. �b� Spin-spin correlation function for the pairs numbered in

�a�. The upward �downward� triangles show data for �̃
=1.4�0.9� eV, and the open and filled symbols denote the undoped
and one-hole-doped cases, respectively.
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found that the boundary at �̃�0.3 eV for single clusters
without the hopping parameter Tpp increases only by 0.1 eV
for a realistic value of Tpp�=0.5 eV�.

The formation of the ZR doublet at Ni site imposes re-
strictions on modeling impurity effects in cuprate supercon-
ductors, in particular, on the construction of single-band
models such as t-J-type model.20–25 We should treat a Ni
impurity as a S= 1

2 spin in hole-doped cases because the Ni
impurity of S=1 forms the ZR doublet of S= 1

2 with one of
doped holes. The spin is expected to couple to the neighbor-
ing Cu spins antiferromagnetically with an interaction pa-
rameter determined by competition between superexchange
processes and the process of the motion of the �s hole. Other
holes that hop to the impurity position may feel repulsive
interaction. This model is close the those used in Ref. 20,
where they considered a S= 1

2 magnetic impurity that corre-
sponds to the ZR doublet, and found bound states composed
of the S= 1

2 impurity and a mobile hole. Such bound states
may correspond to those of the ZR doublet and a hole. More
precise effective t-J-type model is now under construction.

IV. DIRECT OBSERVATION OF HOLE BINDING

To directly observe hole binding around Ni impurity, we
need to use site-selective probes. One of them would be
XAFS that has been performed recently.8 As another probe,
we propose a RIXS experiment for Ni K edge, which can
detect charge excitations related to the bound hole. In the
Ni K-edge RIXS, the emission of a photon with a dipole
transition between Ni 4p and Ni 1s states occurs resonantly
by tuning the energy of incoming photon to Ni K absorption
edge. In the intermediate state, we introduce Coulomb inter-
action between 3d and 1s core holes,26 given by H1s-3d

=Uc�i0,�,�,��ni0�
� ni0��

s , where ni0�
s is the number operator of

1s core hole. By assuming that the 4p photoelectron enters
into the bottom of the 4p bands,26 the RIXS spectrum for
Ni K edge as well as Cu K edge is expressed as

I���� = �
f

�	f �DKf

† G��i�DKi
�0
�2���� − Ef + E0� , �8�

where DK=�i,�� eiK·ip4p,i�
† si�

† +H.c. with the creation operator
si�

† �p4p,i�
† � of 1s core hole �4p electron�. �i� denotes summa-

tion over Ni �Cu� sites for Ni �Cu� K edge. Ki�f� is the wave
vector of the incoming �outgoing� photon with energy �i�f�
and ��=�i−� f. G−1��i�=�i+ i�−Hdp−H1s-3d−H1s,4p,
where H1s,4p is composed of the energy separation �1s-4p

Ni�Cu�

between the Ni �Cu� 1s level and the bottom of the 4p band,
and � is the inverse of relaxation time in the intermediate
state. �0
 is the ground state with energy E0 and �f
 is the final
state of RIXS with energy Ef. We use �=1 eV and Uc
=4 eV.30 I���� is calculated by using a modified version of
the conjugate-gradient method together with the Lanczos
technique.

Figure 3 shows Cu K-edge �upper panel� and Ni K-edge
�lower panel� RIXS spectra in undoped and one-hole-doped

cases for �̃=1.4 eV. The spectra at zero-momentum transfer
�K f −Ki=0� are shown for Cu K edge. In the undoped case,
the edge of the CT gap is located at �2.1 and �3.2 eV for

Cu and Ni, respectively. The difference comes from different
CT energies. This is qualitatively consistent with experimen-
tal observations for La2CuO4 ��2.2 eV� and La2NiO4
��4 eV�.27 Furthermore, recent RIXS experiments for Ni-
substituted La2CuO4 also show similar behaviors.28 In
Cu K-edge RIXS, the spectrum around 4.5–6 eV is associ-
ated with the excitations from bonding to antibonding states
in CuO4 plaquette.29,30 A similar structure appears in the en-
ergy region from 6 to 7 eV for Ni K-edge RIXS.

The Ni K-edge spectrum is strongly affected by hole dop-
ing as shown in the lower panel of Fig. 3. In particular, new
spectral structures appear at ���1.35 and �2.13 eV within
the CT gap. Examining eigenstates generating the new struc-
tures, we find that the hole number of Cu �s is larger than
that in the ground state while the hole number at the Ni site
is smaller. This means that the ZR singlet on Cu are domi-
nating in the corresponding excited states. Since the hole
number at the Ni site is large in the ground state due to the
formation of the ZR doublet, the new spectral structures are
associated with excitations from the ZR doublet to ZR sin-
glet. Therefore, if we observe spectral weights inside the CT
gap for Ni-substituted cuprates, it can be identified as direct
evidence of hole binding around Ni impurity. Note that the
spectrum for Cu K edge is almost unchanged upon hole dop-
ing although a small hump is seen around 1 eV.

V. SUMMARY

We have carried out the numerically exact diagonalization
on the eight-unit-cell cluster with a Ni impurity site repre-
senting Ni-substituted cuprate superconductors. Using realis-
tic parameters of the cuprates, we have found that a hole can
be bound in the NiO4 plaquettes forming the ZR doublet.
This is due to the fact that the ZR doublet is more stable in
energy than the ZR singlet on Cu. This finding supports theo-
retically recent experimental suggestion of the presence of
the ZR doublet. Also this imposes strong restrictions on
modeling Ni-substituted cuprates. We have proposed that the
hole binding can be seen in RIXS for Ni K edge. We hope
that the proposed RIXS experiment will be done in the near
future.
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FIG. 3. RIXS spectra for Cu �upper panel� and Ni �lower panel�
K edges in an eight-unit-cell cluster with a Ni impurity. The solid
and broken lines denote the undoped and one-hole-doped cases,

respectively. �̃=1.4 eV. The � functions �the vertical lines� are
convoluted with a Lorentzian broadening of 0.2 eV.
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